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Abstract

General relativity theory is a theory for gravity which Galilean relativity fails to
explain. Variational principle is a method which is powerful in physics. All physical
laws is believed that they can be derived from action using variational principle.
Einstein’s field equation, which is essential law in general relativity, can also be derived
using this method. In this report we show derivation of the Einstein’s field equation
using this method. We also extend the gravitational action to include boundary terms
and to obtain Israel junction condition on hypersurface. The method is powerful and
is applied widely to braneworld gravitational theory.
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Chapter 1

Introduction

1.1 Background

Classical mechanics is useful to explain physical phenomena but it fails to explain
gravity. General relativity (GR) is proposed to be a satisfactory theory for gravity.
Studying GR leads to the Einstein’s field equation which can be derived in standard
way. Our interest is to apply variation principle to derive the field equation in GR.

1.2 Objectives

To study general relativity and tensor calculus which is applied to derive, with vari-

ational principle, Einstein’s field equation and Israel junction condition.

1.3 Frameworks
e To explain failure of Newtonian mechanics, special relativity.
e To study general relativity.

e To use variational principle for Einstein’s field equation and for Israel junction

condition.



1.4 Expected Use

e To obtain Einstein’s field equation from variational method and to obtain junc-

tion condition by including of surface term in action.

e A derived-in-detailed report for those who interest with thoroughly calculation

from variational method in general relativity.

e Attaining understanding of concept of general relativity and having skills on

tensor calculus.

1.5 Tools

e Text books in physics and mathematics.

e A high efficiency personal computer.

e Software e.g. KTEX, WinkEdit and Photoshop

1.6 Procedure
e Studying special relativity.
e Studying tensor analysis and calculation skills.
e Studying concepts of general relativity.
e Studying Einstein’s field equation by evaluating coupling constant.
e Studying Einstein’s field equation by variational principle.
e Including surface term in action and deriving junction condition.

e Making conclusion and preparing report and other presentation.



1.7 Outcome

e Understanding of basic ideas of classical mechanics, special relativity and gen-
eral relativity.

e Attaining skills of tensor calculation.

e Understanding in detail of the variation method in general relativity.



Chapter 2

Failure of classical mechanics and

introduction to special relativity

2.1 Inertial reference frames

Newton introduced his three laws of motion as axioms of classical mechanics. These
laws have successfully explained motion of most objects known to us. The Newton’s
first law states that a body remains at rest or in uniform motion. This law introduces
a frame of reference called inertial frame. All proceeded dynamical laws base on this
law. But what and where is it?

To know or to measure velocity of a particle, we need a frame of reference. For
example when we measure speed of a car, a particular spot on ground is inertial
frame. The ground is on the Earth and is not really inertial frame due to gravity.
Furthermore, all stars in the universe possess gravity therefore nowhere is really locate

on true inertial frame! However we will discuss about inertial frame again in chapter 3.

2.2 Failure of Galilean transformation

In Newtonian mechanics, the concept of time and space are completely separable.
Furthermore time is assumed to be absolute quantity and independent of any ob-
servers. Consider inertial frames of reference moving with constant velocity to each

other. In classical mechanics there is transformation law between two inertial frames.
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Figure 2.1: Relative velocity of two inertial frames

That is so called Galilean transformation:

xr = x—vt

y =y

Z = z

' = t (2.1)

Newton’s laws are invariant with respect to Galilean transformation

F,=mi; =mi, =F] (2.2)

The principle of Galilean transformation yields that the velocity of light in two dif-

ferent inertial frames is measured with different values
W =c—u and u=c. (2.3)

However the Galilean transformation fails to explain electromagnetic wave equation;
electromagnetic wave equation is not invariant under Galilean transformation. Con-
sider electromagnetic wave equation:
10°
Vip = 1%
c Ot?
or
0%¢ n 0%¢ n ¢ 10%
ox?  0y?> 022 2 0t?
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i X, Y, Z

3-dimensional space

Figure 2.2: Ilustration of four-dimensional spacetime, time axis is orthogonal to all

three-dimensional spatial axes

Using chain rule and equation (2.1) to transform coordinate, the wave equation
becomes

=P 2w Po o P 1P 0 (2.5)
2 0x?  covox  Oy? 022 cor? '

This equation contradicts to Einstein’s postulates in special relativity that physical

laws should be the same in all inertial frames. Therefore we require new transforma-

tion law, Lorentz transformation which we shall discuss in the next section.

2.3 Introduction to special relativity

In framework of Newtonian mechanics we consider only three-dimensional space and
flat geometry while in special relativity we consider space and time as one single entity
called spacetime. We do not separate time from space and we have four dimensions
of spacetime. Considering four-dimensional spacetime, time axis is orthogonal to all
axes of space (z, vy, z).

The mathematical quantity which represents space and time is components of

spacetime coordinates
¢ = (:c07x1,:v2,x3)
= (ct,z,y,z2) in Cartesian coordinate (2.6)

Special Relativity (SR) is a theory for physics in flat spacetime called Minkowski
spacetime. If we are talking about spacetime, we must have events. Any events
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Figure 2.3: Lightcone and trajectory of a particle in four-dimensional spacetime

possess four coordinates describing where and when the particle is. Trajectories of
particles in four-dimensional spacetime form a set of particles” worldline. If we reduce
to one dimensional space, we will have two spatial dimensions left. Plotting these two
spatial coordinate axes versus time, we have spacetime diagram as shown in Fig. 2.2

The electromagnetic wave equation introduces speed of light in vacuum which
is ¢ = 1/\/lo€o, where py and ¢, are permeability and permittivity of free space
respectively. The value ¢ is independent to all reference frame. This statement is
confirmed by Michelson-Morley experiment. Einstein’s principle of special relativity
states that

o The law of physical phenomena are the same in all inertial reference frames.
e The velocity of light is the same in all inertial reference frames.
The spacetime interval or line-element in four dimensional spacetime is
ds® = —*dt® + da® + dy® + dz* (2.7)

We can see that if ds? = 0, this equation becomes equation of spherical wave of light
with radius cdt. We can classify four-vectors into 3 classes namely spacelike, lightlike
and timelike vectors. Any line elements are called

spacelike if they lie in region ds*> < 0
lightlike or null if they lie in region ds> = 0
timelike if they lie in region ds* > 0.

7



equation (2.7) can be expressed in general form as

3
ds? = dz®dz, = Z Gapdz®da’ = gudatdab. (2.8)

a,b=0

We use Einstein’s summation convention. In this convention we do not need to use
summation symbol in equation (2.8). If upper indies and lower indies of four-vectors
are similar (repeated) in any terms, it implies sum over that indices. The symmetrical
tensor gq, is called metric tensor. When considering flat Minkowski spacetime, we
write 74, instead of g,

-1 0 0 0
0 100
Gab = Nab = 0 010 (29)
0 0 0 1
The line element can be computed in matrix form,
~100 0 dz® \ 1" / da®
R 0 1 .00 dat dat
T 0 010 da? da?
0 00 1 da? da3
= —(dz?)? 4 (dz")? + (d2?)? + (dz®)?
= —cdt® +d2® + dy? + dz* (2.10)

Coordinate transformation law in SR is Lorentz transformation, a translation or
boosts in one direction between two inertial frames moving relative to each other
with constant velocity.

In relativity, time is not an absolute quantity. Time measured in each reference
frame are not equal. Time measured in one inertial frame by observer on that frame
is called proper time. Since speed of light is the same in all inertial frames, then the

transformation law between two frames is written as

cdt’ = ~(dt —vdz/c)

de’ = ~(dx —odt)

dy = dy

d' = da. (2.11)



This set of equations is Lorentz transformation. The symbol v is Lorentz factor,
1

= —— 2.12
Uy (2.12)
Lorentz transformation can also be written in general form,
dz® = A% yda’. (2.13)
where A%} is Lorentz matrix,
v =By 00
a By v 00
A= T (2.14)
0 0 01
Here we define! 3 =wv/c and v = 1/4/1 — 32. Therefore equation (2.13) is
cdt’ v =0y 0 0 cdt
dz" | | =By ~v 00 dx
dy' | 0 0 10 dy |- (2.15)
dz’ 0 0 01 dz
Using equation (2.10) and equation (2.11), we obtain
At + dr* = —AAdt? + dr”?
or —Adt? +dz® = —Adt? + da”? (2.16)
Therefore ds* = ds” (2.17)

where dr? = da? + dy? + dz? and dr? = da”? + dy? + d2?. Equation ( 2.16) is
rotational transformation in (x, ct) space. Values of # and v range in 0 < § < 1 and
1 <~ < oo respectively. If we introduce new parameter w and write 3 and ~ in term
of this new variables as

£ = tanhw
~v = coshw, (2.18)
where w in the angle of rotation in this (z,ct) space, then Lorentz transformation
becomes
ct! coshw —sinhw 0 0 ct
x’ —sinhw coshw 0 0 x
v ol 0 0 10 Y (2.19)
2’ 0 0 01 z

13 is speed parameter. For photon 3 = 1.



We can see that the Lorentz boost is actually rotation in (z,ct) space by angle w.
Lorentz transformation yields two important phenomena in SR. These are time dila-
tion and length contraction. The dilation of time measured in two inertial reference

frames is described by

At = Atyy (2.20)

and length contraction of matter measured in two inertial reference frames is described

by
_ Lo

gl
where Aty and L are proper time and proper length respectively.

L (2.21)

10



Chapter 3

Introduction to general relativity

3.1 Tensor and curvature

In last chapter, we consider physical phenomena based on flat space which is a spa-
cial case of this chapter. In this chapter is curved space is of interest. A physical
quantity needed here is tensors which are geometrical objects. Tensor is invariant in
all coordinate systems. Vectors and scalars are subsets of tensors indicated by rank
(order) of tensors i.e. vector is tensor of rank 1, scalar is zeroth-rank tensor. Any
tensors are defined on manifold M which is n-dimensional generalized object that
it locally looks like Fuclidian space R™.

3.1.1 Transformations of scalars, vectors and tensors

In general relativity, vectors are expressed in general form, X = X%, where X is
a component of vector and e, is basis vector of the component. Here A%, is general
transformation metric. Contravariant vector or tangent vector X® transforms
like

a la
X' = (;’;b X = A%, X" (3.1)
or can be written in chain rule,
a(x/d
la __ b
dz' = 5t dx”.

We define Kronecker delta, 6%, as a quantity with values 0 or 1 under conditions,

57— 1 if a=b
710 if a#b.

11



Therefore

oxr'*  Ox*
ox’®  Oxb b (32)
Another quantity is scalar ¢ which is invariant under transformation,
¢'(z") = p(a). (3.3)

Consider derivative of scalar field ¢ = ¢(z%(2")) with respect to z'*, using chain rule,

we obtain

op ox® ¢
ox'e  dx'e Oxb’

Covariant vector or 1-form or dual vector X, in the z*-coordinate system, trans-

forms according to
o0xb

X! (2%) = 5 Xp(z%) = A, X (2). (3.4)
T a
There is also a relation
A*AY = 6. (3.5)
For higher rank tensor transformation follows
1*1/]6/1]</‘é]</‘;C , , _ ax,k’l ax/kk 8:551 8xll Tk1k2 ...... k’k
ll ...... 1 axkl ...... aaj‘kk ax/l,l ...... 833/12 Teeores I
=AM AR AP N TR R (3.6)

The metric tensor
Any symmetric covariant tensor field of rank 2 such as g,;, defines a metric ten-
sor. Metrics are used to define distance and length of vectors. The square of the
infinitesimal distance or interval between two neighboring points (events) is defined
by

ds? = gupdada’. (3.7)

Inverse of g, is ¢g*°. The metric g% is given by
Jarg™ = 0p°. (3.8)
We can use the metric tensor to lower and raise tensorial indices,

T ...... — gabT~--b~~ (39)

and



3.1.2 Covariant derivative

Consider a contravariant vector field X® defined along path z%(u) on manifold at a
point P where u is free parameter. There is another vector X*(z® + dx*) defined at
% + 6z or point Q. Therefore

X%z +dz) = X%z)+6X“. (3.11)

We are going to define a tensorial derivative by introducing a vector at Q which is
parallel to X®. We can assume the parallel vector differs from X* by a small amount
denoted by 6X,(z). Because covariant derivative is defined on curved geometry,
therefore parallel vector are parallel only on flat geometry which is mapped from
manifold. We will explain about it in next section.

The difference vector between the parallel vector and the vector at point Q illus-
trated in Fig. 3.1 is

[(X%(x) +6X%(z)] — [X*(z) + 6X%(x)] = 6 X*(z) — X (3.12)

We define the covariant derivative of X* by the limiting process

. 1 a a STya
S = i, e 00 - 00+ )

— lim - [5X(2) - 5X7).

sz¢—0 dx¢

6X%(x) should be a linear function on manifold. We can write
6X%(z) = —T¢(2) Xb(x)da° (3.13)

where the I'? (z) are functions of coordinates called Cristoffel symbols of the second
kind. In flat space I'{.(z) = 0. But in curved space it is impossible to make all the
I'? (x) vanish over all space. The Cristoffel symbols of second kind are defined by

o _ 1 aaf 09dc n Ogpa  Ogev
be =59\ 0ab T e 0ad)

(3.14)

Following from the last equation that the Cristoffel symbols are necessarily symmetric

or we often called it that torsion-free, i.e.

re =T9 (3.15)

13



Parallel vector A TO X5

Figure 3.1: Vector along the path z%(u)

We now define derivative of a vector on curved space. Using equation (3.13) and
chain rule, we have
1 [0X%(x)

a __ : i \MJ) g .c a b c
VX = ailcrgo el dz¢ + Iy, () X7 (x)0z¢|.

Therefore the covariant derivative is
V. X=0.X*+T¢ X" (3.16)

The notation 0, is introduced by 9, = 9/0x°. We next define the covariant derivative
of a scalar field ¢ to be the same as its ordinary derivative (prove of this identity is
in Appendix A),

Ve = 0co. (3.17)
Consider
Vep = V(XY
= (VX )Y+ X, (V.Y
= (VX )Y+ X, (0.Y* +T0Y?)
and

0.0 = (0.Xo)Y*+ X,(0.Y).
From equation (3.17), we equate both equations together:
(0.X)Y* + Xo(0.Y") = (Ve X)) Y 4+ Xo(0,Y* +TLY?).

14



Renaming a to b and b to a for the last term in the right-hand side of the equation

above because they are only dummy indices therefore,
(VeXa)Y = (0:Xa) Y + (0:Xa — 5. Xp) Y
Covariant derivative for covariant vector is then
VX, =0:.X, — T2 X,
The covariant derivative for tensor follows
Vel =0Ty + Tl + o =TT —
The last important formula is covariant derivative of the metric tensor,
Vegar =0

and
V.g® =0.

The proves of these two identities are in Appendix A.

3.1.3 Parallel transport

(3.18)

(3.19)

(3.20)

(3.21)

The concept of parallel transport along a path is in flat space. A parallel vector

transporting from a point to another point maintains its unchange in magnitude and

direction. In curve space, components of a vector are expected to change under

parallel transport in different way from the case of flat space. Consider the parallel

transport along a curve x%(7) with a tangent vector X® = dz®/dr where 7 is a

parameter along the curve. Beginning from the formula of the covariant derivative

XV, X" = 0,

we get

dz® 0 d_xb p da® da®

= 0
dr O0z® dr *lae dr dr
d /dab dx® dx¢
— | — It = 0.
dr ( dr ) “dr dr 0

15
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Figure 3.2: Parallel transport of vectors on curved space

We rename a to b and b to a, then

2,.a b c
dot | pp ddr (3.23)

@ Tl =

This equation is known as the geodesic equation. The geodesic distance between
any two points is shortest. The geodesic is a curve space generalization of straight
line in flat space.

3.1.4 Curvature tensor

We now discuss the most important concepts of general relativity, That is concept the
of Riemannian geometry or curved geometry which is described in tensorial form.
We will introduce the Riemann tensor by considering parallel transport along an
infinitesimal loop illustrated in Fig. 3.3. The Riemann curvature tensor R®;.q is
defined by the commutator of covariant derivatives,

R peqX? = (VVy — VyVe) X (3.24)

16



a
X x“ +ox° X4
X'

x“ + Oox“+dx*
x“ +dx*

Figure 3.3: Transporting X¢ around an infinitesimal loop

Consider
(VVg— ViV)X® = V. VX~ VV. X"
= V(04 X" +T9 X" — Vg(0.X" +T%X").

VaX® is a tensor type(1, 1). Using equation (3.19) we get

(VVa— ViV)X® = 0.(0,X% +T%X") —T%(0.X +T% X" +T%(9,X° +T'%X")
—0g(0.X" + 1% X%) + T9.(0.X* + 1% X*) — % (9.X° + 4, X?)

= 0.0,X°+T1%0.X"+ 0.9 X" — 1,0, X — T,I'% X°

4T 9, X+ T2 1% X — 0,0.X* — %0, X" — 9,1, X°
+19,0. X + 1514 X" — 1%.0.X° — T% 1'%, X°.

We rename e to b in the terms I'?, 9, X and I'%,0.X¢. Assuming torsion-free condition
of Cristoffel symbols and using equation (3.24), we have Riemann tensor expressed
in terms of Cristoffel symbols:

R pea = 0Ly — Oaly, + Tyl — Ty (3.25)

R% .4 depends on the metric and the metric’s first and second derivatives. It is

anti-symmetric on its last pair of indices,
R*pea = —R" bde- (3.26)
The last equation introduces identity:

R peq + R ape + R cap = 0. (3.27)

17



Lowering the first index with the metric, the lowered tensor is symmetric under
interchanging of the first and last pair of indices. That is

Rabcd = Rcdab~ (328)
The tensor is anti-symmetric on its first pair of indices as
Rabcd = _Rbacd- (329>

We can see that the lowered curvature tensor satisfies

Raped = —Rapac = —Rpaed = Redap
and Raped + Ragve + Racav = 0. (3.30)

The curvature tensor satisfies a set of differential identities called the Bianchi iden-
tities:
vaRbcde + VcRabde + vacade = 0. (331)

We can use the curvature tensor to define Ricci tensor by the contraction,
Ry = R ach — ngRdacb- (332)

Contraction of Ricci tensor then also defines curvature scalar or Ricci scalar R
by

R = g Ry (3.33)
These two tensors can be used to define Einstein tensor
1
Gab == Rab — §gabR, (334)

which is also symmetric. By using the equation (3.31), the Einstein tensor can be

shown to satisfy the contracted Bianchi identities

VG =0 (3.35)

3.2 The equivalence principle

In chapter 2, we introduced some concepts about inertial frames of reference. We will
discuss about its nature in this chapter.
An inertial frame is defined as one in which a free particle moves with constant

velocity. However gravity is long-range force and can not be screened out. Hence an

18



purely inertial frame is impossible to be found. We can only imagine about. According
to Newtonian gravity, when gravity acts on a body, it acts on the gravitational mass,
mg. The result of the force is an acceleration of the inertial mass, m;. When all bodies
fall in vacuum with the same acceleration, the ratio of inertial mass and gravitational
mass is independent of the size of bodies. Newton’s theory is in principle consistent
with m; = m, and within high experimental accuracies m; = m, to 1 in 1,000.

Therefore the equivalence of gravitational and inertial mass implies:

In a small laboratory falling freely in gravitational field, mechanical phenomena are

the same as those observed in an inertial frame in the absence of gravitational field.

In 1907 Einstein generalized this conclusion by replacing the word mechanical phe-
nomena with the laws of physics. The resulting statement is known as the principle
of equivalence. The freely-falling frames introduce the local inertial frames which

are important in relativity.

3.3 Einstein’s law of gravitation

In this section, we use Riemannian formalism to connect matter and metric that leads

to a satisfied gravitational theory.

3.3.1 The energy-momentum tensor for perfect fluids

The energy-momentum tensor contains information about the total energy density
measured by an arbitrary inertial observer. It is defined by the notation 7%°. We start
by considering the simplest kind of matter field, that is non-relativistic matter or
dust. We can simply construct the energy-momentum tensor for dust by using four-
velocity u® defined as u® = (c,0,0,0) for rest frame and the proper density p:

T = puul. (3.36)

Notice that T% is the energy density.

In general relativity, the source of gravitational field can be regarded as perfect
fluid. A perfect fluid in relativity is defined as a fluid that has no viscosity and no
heat conduction. No heat conduction implies T% = T = ( in rest frame and energy
can flow only if particles flow. No viscosity implies vanishing of force paralleled to

the interface between particles. The forces should always be perpendicular to the

19



interface, i.e. the spatial component T should be zero unless i = j. As a result we

write the energy-momentum tensor for perfect fluids in rest frame as

pc2 0 0 0
0O p 0O

ab __

G I (3.37)
0 00 p

where p is the pressure and p is the energy density. Form equation (3.37), it is easy
to show that

T = (p v %)u“ub + pge®. (3.38)
We simply conclude from the above equation that the energy-momentum tensor is
symmetric tensor. The metric tensor g% here is for flat spacetime (we often write
n® instead of g? for flat spacetime). Notice that in the limit p — 0, a perfect fluid
reduces to dust equation (3.36). We can easily show that the energy-momentum

tensor conserved in flat spacetime:
9T = 0. (3.39)
Moreover, if we use non-flat metric, the conservation law is

VT™ = 0. (3.40)

3.3.2 Einstein’s field equation

Einstein’s field equation told us that the metric is correspondent to geometry and
geometry is the effect of an amount of matter which is expressed in energy-momentum
tensor. Matters cause spacetime curvature. We shall use Remannian formalism to
connect matter and metric. Since covariant divergence of the Einstein tensor G,
vanishes in equation (3.35), we therefore write
1

Gab = Rab — 5 gabR = IiTab. (341)
If there is gravity in regions of space there must be matter present. The proportional
constant k is arbitrary. Contract the Einstein tensor by using the metric tensor, we
obtain

G=9g"Gw = kg"Ty
1

gabRab o EgabgabR — /fgabTab

1
R—EggR = KJT.

20



0% is 4 which is equal to its dimensions. Therefore equation (3.41) can be rewritten

as

1
Ray = K(Tab - §gabT). (3.42)

We want to choose appropriate value of constant . Let us consider motion of particle
which follows a geodesic equation

d2x® da? dze
- a7 77— . 4
dr? e dr dr 0 (343)

In Newtonian limit, the particles move slowly with respect to the speed of light.

Four-velocity is u® = u°, therefore the geodesic equation reduces to

d2z® , dz¥da” 91

W = _POOEF = —C FOO‘ (344)
Since the field is static in time, the time derivative of the metric vanishes. Therefore
the Christoffel symbol is reduced to:

1
It = §9ad (30%0 + 0ogoa — ad!]oo)

1
= —§gadadgoo- (3-45)

In the limit of weak gravitational field, we can decompose the metric into the Minkowski

metric, the equation (2.9), plus a small perturbation,

Gab = TNab + hzzb7 (346)

where h,, < 1 here. From definition of the inverse metric, we find that to the first

order in h,
gab — i
Jab
- (nab + hab)_l
~ 77ab _ hab'

Since the metric here is diagonal matrix. Our approximate is to only first order for

small perturbation of inverse matric. Equation (3.45) becomes
IS = (77ad - had)adhoo

~

1
2
1
51" Oahoo. (3.47)
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Substituting this equation into the geodesic equation ( 3.44),

A%z 2
dr2 Enadadhoo (3.48)

Using dphoo = 0 and since d?z°/d7? is zero, we are left with spacelike components of
the above equation. Therefore,
A%zt 2

Recall Newton’s equation of motion

A%z’

35 = —0'® (3.50)

where ® is Newtonian potential. Comparing both equations above, we obtain

2

In non relativistic limit (dustlike), the energy-momentum tensor reduce to the equa-
tion (3.36). We will work in fluid rest frame. Equation (3.38) gives

TOO = p62 (352)
and
T = gabTab
= QOOTOO
= 7700T00
= —pct. (3.53)

We insert this into the 00 component of our gravitational field equation (3.42). We
get

1 1
Ry = H(pc2 - §p62> = 5/@002. (3.54)

This is an equation relating derivative of the metric to the energy density. We shall
expand R ;o in term of metric. Since R yoo = 0 then

Roo = R’ oio = 9;Thg — 0oL + T T0 — Th o
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The second term is time derivative which vanishes for static field. The second order of
Christoffel symbols (I')? can be neglected since we only consider a small perturbation.
From this we get

. 1 .
Ry =0Ty = 0 {égw (309170 + Oogon — abg()o)]

1 . 1 .
= ——&»g’b@bgoo - —glbaiabgoo
2 2
1 . 1 ..
= =017 0jhoo — 51" 0;0;h00
2 2
1 ...
— —55”87;8]']100
1
= —§V2h00. (3.55)

Substituting equation (3.51) into the above equation and using equation (3.54), we
finally obtain

1
V2P = —impc‘*. (3.56)
The connection to Newtonian theory appears when this equation is compared with
Poisson’s equation for Newtonian theory of gravity. The theory of general relativity
must be correspondent to Newton’s non-relativistic theory in limiting case of weak
field. Poisson’s equation in a Newtonian gravitational field is

V2® = 47Gp (3.57)

where G is classical gravitational constant. Comparing this with equation (3.56) gives
the value of k&,

87G
K= % (3.58)

From equation (3.41) then the full field equation is

1 8tG
Gab - Rab - égabR - FTab- (359)
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Chapter 4

Variational principle approach to

general relativity

4.1 Lagrangian formulation for field equation

4.1.1 The Einstein-Hilbert action

All fundamental physical equation of classical field including the Einstein’s field equa-
tion can be derived from a variational principle. The condition required in order to

get the field equation follows from

5/£d4:c =0. (4.1)

Of course the quantity above must be an invariant and must be constructed from
the metric g, which is dynamical variable in GR. We shall not include function
which is first the derivative of metric because it vanishes at a point P € M. The
Riemann tensor is of course made from second derivative set of the metrics, and the
only independent scalar constructed from the metric is the Ricci scalar R. The well
definition of Lagrangian density is £ = \/—gR, therefore
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is known as the Einstein-Hilbert action. We derive field equation by variation of
action in equation (4.2),

0SEp = 5/ V—gRd%z
= /d4x5<\/—_gg“bRab>
= /d4x\/—_gg“b5Rab + /d4x\/—_gRab5g“b + /d4xR5\/—_g.
Now we have three terms of variation that
0SEn = 0SEn1) + 0SEH(2) + 0SEH(3) (4.3)
The variation of first term is
0SEH() = /d41;\/—_gg“b5Rab. (4.4)
Considering the variation of Ricci tensor,

Ray = R o, = 0J¢, —0pI¢, + T, I8 —T¢,T% (4.5)

SRy = 0,01, — 90T, + T 6T¢, +T¢,0T% — 19 615, — I'¢,0T%
— (00T, + T2,0T4, — T4.0T, — TL.oTS, )

—(@W0T%, + T5,0T e, — T8, — T3T%,)
and the covariant derivative formula:
V0lg, = .00, + Teg0ly, — To.0T5, — Ijdle, (4.6)
and also
Vpole, = 9,01, + T, 0T¢, — T oT¢, — T'E oT¢, (4.7)
we can conclude that
ORwp = VoI, — Vol . (4.8)

Therefore equation (4.4) becomes
0SEn(1) = /d4x\/ —gg® (Vc(ﬂ—‘zb - Vbérgc>
- / dizy—g {Vc (9075,) = T2, Veg™ = Vi (g™ V40T, ) + 5F20ngab}
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Remembering that the covariant derivative of metric is zero. Therefore we get
SSenay = / d'zy/=gg" (V.oTs, — V4T, )
_ / d4x\/—_glvc (gabargb) . vb(gabargc)}
= /d4x\/—_g V. [g“béfgb — g“céfgb]
= / d*z/—g V.J°

where we introduce
J¢ = g"6Tg, — g*oly, (4.9)

If J¢ is a vector field over a region M with boundary . Stokes’s theorem for the

/ d4:1:\/]g]VCJC:/d3x |h|n.J° (4.10)
M by

where n. is normal unit vector on hypersurface >. The normal unit vector n. can

vector field is

be normalized by n,n* = —1. The tensor hy, is induced metric associated with
hypersurface defined by
hab = Gab + NaNp. (41]‘)

Therefore the first term of action becomes
b

This equation is an integral with respect to the volume element of the covariant di-
vergence of a vector. Using Stokes’s theorem, this is equal to a boundary contribution
at infinity which can be set to zero by vanishing of variation at infinity. Therefore
this term contributes nothing to the total variation.

4.1.2 Variation of the metrics

Firstly we consider metric g,. Since the contravariant and covariant metrics are
symmetric matrices then,
gcagab = 5cb- (413)

We now consider inverse of the metric:

1 1
ab ab\T ba
g¥ =—(A =-A 4.14

26



where g is determinant and A% is the cofactor of the metric g,;. Let us fix a, and
expand the determinant g by the ath row. Then

= g A®. (4.15)

If we perform partial differentiation on both sides with respect to g,;, then
99 _ g, (4.16)
agab
Let us consider variation of determinant g:
9y
G
= Aabagab

= 99" 6ga-

59 = 5gab

Remembering that ¢?° is symmetric, we get

09 = 996 Gab- (4.17)

Using relation obtained above, we get

1
0/—g = W = og

1
= L g5ga, (4.18)

N
We shall convert from dg,;, to dg%° by considering
060" = 6(gacg®) = 0
90gac + gacdg™ = 0

992 = —9acbg™.

Multiply both side of this equation by g¢,q we therefore have

9a9°0Gac = —9bdGacdg™’
5gégac = _gbdgacéng
0Gab = —GacGbadg™. (4.19)

Substituting this equation in to equation (4.18) we obtain
1 a C
W=g = —5V=99"Guctradg"

1
= 5V 8 grad g

1

= —5V-g Geddg™.
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Renaming indices ¢ to a and d to b, we get

1
=g = =35V Gar0g™. (4.20)

The variation of Einstein-Hilbert action becomes
0SEn = /d4$\/—_gRab5gab - % /d4xR\/—_ggab5gab
= /d4x\/—_g [Rab — %gabR} 5g® (4.21)
The functional derivative of the action satisfies

58 = / Z ((fsié@i)d“x (4.22)

where {®'} is a complete set of field varied. Stationary points are those for which

§S5/6®" = 0. We now obtain Einstein’s equation in vacuum:

1 0Sen 1
———g —5gab = Rop — égabR = 0. (4.23)

4.1.3 The full field equations

Previously we derived Einstein’s field equation in vacuum due to including only gravi-
tational part of the action but not matter field part. To obtain the full field equations,
we assume that there is other field presented beside the gravitational field. The action
is then
g 1
167G

where Sy is the action for matter. We normalize the gravitational action so that we

Ser + Sy (4.24)

get the right answer. Following the above equation we have

1 65 1 1 1 0Su
- Ra——aR) M,
V—g dg® 167TG< b 5 dab + V—g 0g®
We now define the energy-momentum tensor as
1 0Su
Ty=—-2—— ) 4.25
V=969 (425)
This allows us to recover the complete Einstein’s equation,
1
Rab — §Rgab = 87TGTab. (426)
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4.2 Geodesic equation from variational principle

Consider motion of particle along a path z*(7). We will perform a variation on this
path between two points P and Q. The action is simply

S = / dr. (4.27)

In order to perform the variation, it is useful to introduce an arbitrary auxiliary

parameter s. Here ds is displacement on spacetime. We have

dz® da® 172
" x) ds (4.28)

ds d
We vary the path by using standard procedure:

0SS = 5/d7’
dz® daby\1/2
- /5< Jab"qs ds) ds

1 da® dzby —1/2 dz® dzb doz® dab
= —/dS< Jab—— > |:_6gab 2

dr = ( Gab—7—

2 ds ds ds ds  9*7ds ds
Considering the last term,

ddz da? d [ ,da?

dgap . ,da’ d2zb
2, _ 20u62" = | 42
9o s A5  ds| 90T %

ds o ds + 2ga0” ds?

ds

The two points, P and ) are fixed. We can set first term of above equation to zero.

Therefore we obtain

1 dz® dzby -1/2 dz® dzb dggp dzb d2a?
S = —/ds(—gabii> e 2 do 4 98I O 5a + 2Gap oz
2 ds d

ds ds ds ds ds?

1 ds? dz® dab dgep da® d2a?
= = - 2 +2
/dTT{ s as T2 ds @ 0r T g“bdQM]

1 dz® dab dgap, dz® d2z?
= = 99U =7 50 4 2gu—— 07" | .
2 /dT{ 090 g ar Ty ar 0+ 20 207

By using chain rule we get

a b 2,..b
59 1/d7_[_agabdm di5 ¢y 9 Ogabda: da? d?x }

— —02" + 2, ——0x°
2 ox¢ dr dr o ozt dr dr Tt 2Gab dr2 v

1 dz® dz¢ dz¢ dz® dx¢ dz® d?z®
= 3 d -0, ac ac a3 aa cTy 0 ’ 29ba 51)
2/7{ boe” g 08" Octi g 00+ Dt =g =0 + 250
dz® dz° N d2x®
dr dr g |

1
= /dT(SZEb |:§< 81;9@@ + 8cgba + aagbc>
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We set the variation of action to zero, 65 = 0 and multiply by ¢,

1 de*dac  _,d%z®

~®( — Byguc + Duga + O )— —0
29 ( bgac+ cgba+ aGbc dr dr + a dT2
We therefore recover geodesic equation:
d2a? g dz® dx°
=0 4.29
dr? RRE dr dr (4.29)

4.3 Field equation with surface term

In section 4.1 we have derived field equation without boundary term which is set to
be zero at infinity. In this section, we shall generalize field equation to general case
which includes boundary term in action.

4.3.1 The Gibbons-Hawking boundary term

We begin by putting boundary term in the first part of the action in section 4.1 of

Einstein-Hilbert action,

1 1
0Spy = —— V=gl Ruy — =g R | 6g**d*
EH 167G " 9< b 296 ) g x +

1
167G

/ V—hn,Jedz. (4.30)
s
Considering vector J¢ in the last term of equation (4.9) we have
J° = goTS, — g ST,
Using formula (prove in appendix B)
5% = 207 (Vbona + Vb — Vb, (4.31)

we get

1
JO = g {59“[ (Va59bd + V0 gaa — Vﬁ%b)}

1
—g* {ﬁgbd (Va5gbd + V40 gad — vdanb)}

1 1 1
= §gab90dva59bd + EgabQCdVszgad - §gab96dvd59ab

1 1 1
—§g“cgbdva59bd — 59“9’”%59@ + Eg“gbdvdégab-
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Interchanging dummy indices a and b in the second term, a and d in the fourth term,
and a and d in the last term, we obtain result

J¢ = g®gd (Vaégbd — Vdégab). (4.32)
Now our discussion is on hypersurface. Lowering index of J¢ with metric g,
Je = 9" (Va0ga — Vadgap). (4.33)
By using equation (4.11), we have
n‘J. = n° (h“b — nanb) (Vadgba — Vadgap)
n°h®V 40 ga — n°h®V 48 gap — nnPn°V 8 gps + n*n®nV g gap.

From boundary condition, the first term of this equation vanishes since it is projected
on hypersurface which variation of metric and induced metric vanish at > such as

5g” = 0, (4.34)
Sh* = 0 (4.35)
and we use definition
nn’n® = 0. (4.36)
Therefore we obtain
nJ, = —n°h®V 40 gup- (4.37)

Now let us consider arbitrary tensor 7% %, ., at P € X. It is a tensor on the
tangent space to X at P if

otk bi..by — h% c1"'hak ckhdl b1"'hdl szCI.“bk dy...d; (438)

Defining h, °V, as a projected covariant derivative on hypersurface by using notation
D,, it satisfies

DCTal"'ak bi..by = hal dl...hak dkhel bl...hel blhf CVdel'"dk e1...ep" (439)
The covariant derivative for induced metric on hypersurface automatically satisfies
Dohye = ha by “he !V g (gay + neng) =0 (4.40)

since Vgygey = 0 and hgnt = 0 (remembering n® is perpendicular to hypersurface.
Therefore its dot product with metric on hypersurface is zero). Next we introduce

extrinsic curvature in the form

Ko = ha Ve, (4.41)

31



and we can use contract it with induced metric,
K = h Ky, = h®h, “Veny = bV 1ny,. (4.42)
Variation of extrinsic curvature given by

K = §(h®Vany)
= RV 4ny + B0, 0n, — h®OT S, n, — h™*TC,on,
= h%0,0n, — h®®T¢,0n, — h®0T¢,n,
= h™V,6ny — h*6T¢,n,
= hP*h V,6ny, — hP6TE 0,
= D, (hbc(Snb) — h“b(;Fbenc
= De[d(Rny) = mydh| — hoTEn,

= —h™TC,n,. (4.43)
Using equation (4.31),
K = —h"n, [%QCd(va(sgbd + V0 gad — Vd@ab)}
= %h“bndvdégab. (4.44)
Notice that when substituting equation (4.37) to this equation, we obtain
0K = —%nc,]c. (4.45)

Considering boundary term from Einstein-Hilbert action
/E\/—_hnchd?’x = /2 V—hntJ.d%x
= -2 /E V—hsKd’z
= -25 /Z V—hKd*z +2 / oV —hKd’z
)
and using equation (4.20),
/E V=hnJ' Pz = —25 / V—hKd*z — / V=hKhash*d*z.
b 2
Since dh® vanishes at boundary. Therefore we get

/\/—hnchd3x— —26/ V—hKd’z. (4.46)
s o
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Now we have variation of Einstein-Hilbert action in the form
1 1
0SpH = —— / V=g Rap — gabR §g?dtx — —6 / V—hKd®z.  (4.47)
]_67TG M

We generalize this equation by naming the first term as the variation of gravitational
action, 0 Sgravity, we finally get

1
0Smm = OSaravity — g0 / V—hKd*z
>
1
0SGravity = 5SEH+—5/\/—th3x

SGraVity = 167 G/ vV — Rd4 +_/ VvV — Kd3 (448)

The last term is known as Gibbons-Hawking boundary term. In next section,

we will vary this term using junction condition.

4.3.2 Israel junction condition

We begin from considering the action

SGravity = Sen + ScH

s 1 / 3
_ V=g VohKdz.
167 G/ hdw+ooa | &

Its variation is

dS Gravity

/\/ Gab5g“bd4x+ L /\/—hnaJad3x

3 3
o G (5\/ WEQr + o / V=hsKd*z (4.49)

167TG

In this section, we are not interested in boundary when performing variation of grav-

itational action then there is no boundary condition. Variation of K is
6K = §(hy*V,n)
= 5hy *Van® 4 hy 0,0n" — hy “6T° n® + hy, “T® on°
= 5hy *Vanb + hy 0T n® + hy OV ,0n°. (4.50)
Considering the first term of equation (4.50),
0hy *Van® = 6(8,“ + nny) Von
= (n"6ny + npon®) Vn'.
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Using identity
ony = npnon’, (4.51)

we get
§hy *Von® = (n“nyncon® + nydn®)Ven®
= (nancénc + 6, “5nc)nbvanb
= nyon‘h,*Vn’
= nyon°K.,"
= 0. (4.52)

Since extrinsic curvature is associated with hypersurface then its dot product with
normal vector on 3 vanishes yielding equation (4.52). We continue to do variation of
the second term of the equation (4.50) by using formula (4.31), we then have

STt = o g (Vubges + Vedgaa — Vabgac).
Therefore variation of K is
5K = S0 (Vs + Vebga — Vabgc) + o Vo', (4.53)
Applying similar procedure to the equation (4.20) for v/—h, we obtain
ov/—h = —%\/—_h oy 0. (4.54)

Using the equation (4.32), finally the gravitational action is

1

(5 ravi 5 abd4 / —h h(z thabdg
Sty 167TG/ V=9Gawdg g |V hay v

METETe / V=hnag” g™ (Vedgua — Vadge)d*

ad, c

167TG/ V= lh (V 0Ged + Ve0Gaa — VchgaC> + 2h, VYV ,0n }d

Considering
nag g™ = (1 + ) = (4.5

Therefore

5SGraVity = 167 G/ vV — G"ab(sgabd4

/ \/_{ dthV OGsa — 1MV 410G + h* NV 46 geq

ab 13
T6m G/\/ h hgy KOh*d x

167TG
+h NV 8 Gug — h“dncvdégac> + 2h, “Vaénb} d3x.
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Interchanging dummy indices between d and ¢ and rename b to a of the first and the
second term in bracket of the third integral term results that the first term and the
last term in bracket cancel out. So do the second and the forth term in bracket of
the third integral term. Therefore

1 1
0SGravity = m/ v—gGabégabd‘*:c—m/\/—hhabf(éh“bd%

/ V=h h“d V00 Geq -+ 2hy “V o010 >d3 (4.56)

167rG
Considering the first term in the third integral term

NN 0gea = h*Va(n°0geq) — h*0geqVan®.

Using equation (4.19), we get
RNV 40gea = h™V
= WV
= WV
= h"'V,

cagcd + hadgdegcf 5gefvanc
had(

nc5gcd + hde + ndne)gcfégEfvanC

+ h® 59V an s
—f— Kefégef.

ncégcd

a(n
a
a
(n

~— o ~—

Cégcd
Considering
6g° = §(h 4 n°nf)
= b 4+ nfon 4+ néon’
= 0h + nfnnn, + n°n'n’on,
= 0ht, (4.57)
Therefore
RNV 16 geq = h NV o (n°6gea) + KeopSh™ . (4.58)

Substituting this equation in equation (4.56), we obtain

5SGraVity = 167 G/ Vi G (Sgabd4x— /V hh, K(Shabdg

167G

+—16 a / v—h hadva(ncégcd) + Ko 0h®l 4 2hy, “V ,0n ]d%
~ 167G / Vo Gab59abd4$+— / V—=h(Ka — hap ) 5h*d*x
_ ad c a 3
+167TG/2 v—"h h Va(n 5gcd) +2hb va(Sn ]d T (459>
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Considering the two terms in bracket of the last integral term

hwvgn%%@+amﬁv&ﬂ’::hwvap@mm)—%@wﬂ+2mfv&ﬂ
= h,0ng — h® V,0n° + 2hy “V 6n°
= h¥V0ng + hy “Vaon®
= ¢"hy Vo 0ng + hy VYV 0n®
= hy"Va(g"ng + n’)
= h,*V, (gbdndncénc + 4° cdnc)
= h*V, [(nbnc + 4° c)dnc}
= Dy(h®.6n°) (4.60)

and substituting the last equation into equation (4.59), we obtain
/ \V Gab(sgabd4 + 167 G/ vV ab - abl()(Shabd3
/ V—=hDy(h" .6n°)d’x. (4.61)

6SGraVity 167 G

167TG

Since the last term in the equation (4.61) is divergence term. It yields vanishing of
this integral with boundary at infinity on >. Finally, the variation of gravity is

1
0SGravity = m/ V—=9Gaudg™d s

/\/_ ab — hay K)0h™d? . (4.62)

167TG

The action for matter on hypersurface is

Smat:/ﬁmatd3x (463)
2

and its variation is

6 Smat = / vV —ht ,0h (4.64)
»

where the energy-momentum tensor on hypersurface is

1 5Smat
tap = ) 4.65
= 2 (4.65)
The total action is
SGraVity - SEH + SGB + Smat~ (466)
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Since we include energy-momentum tensor on hypersurface, then Einstein tensor in
the bulk vanishes.! Therefore the total action gives the Israel junction condition

Kab - habK == —87TGtab. (467)

The energy-momentum tensor on hypersurface is not necessarily conserved because
energy can flow from the hypersurface to the bulk. The idea has been recently widely
applied to the research field of braneworld gravity and braneworld cosmology (see e.g.
8] for review of application of Israel junction condition to braneworld gravity.)

'The bulk is the region of one dimension left beyond the hypersurface. The bulk and hypersurface

together form total region of the manifold.
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Chapter 5

Conclusion

Relativity begins with concept of inertial reference frame which is defined by Newton'’s
first law. Therefore relative frames in one direction is considered allowing us to do
Galilean transformation for inertial frame moving not so fast. However under this
transformation, the speed of light is no longer invariant and electromagnetic wave
equations are neither invariant. Special relativity came along based on Einstein’s
principle of spacial relativity. In this theory, there is a unification of time and space
so called spacetime. It uses Lorentz transformation under which electromagnetic
wave equations are invariant. Moreover it reduces to Galilean transformation in
case of small velocity. Therefore SR implies no absolute inertial reference frame
in the universe. Einstein introduced transformation law when including effects of
gravitational field and also introduced the equivalence principle which suggest that
purely inertial reference frame is not sensible. It introduces us local inertial frame in
gravitational field. Therefore Newtonian mechanics based on inertial frame fails to
explain gravity. SR based on flat space is extended to general relativity using concept
of curved space. Curved space is indicated by Riemann tensor, R®;,.;. This theory
attempts to explain gravity with geometry. It tells us that mass is in fact curvature
of geometry This fact is expressed in the Einstein’s field equation,

Gab = 87TGTab.

All physical laws are believed to obey principle of least action, 4.5 = 0. The dynamical
variable in GR is g, therefore the Lagrangian density in action must be a function of
Jap- We used Ricci scalar in term of second derivative of metric. We did not choose

function of first derivative of metric since it vanishes at any point on manifold. With
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the action

SEn = /\/—ng4m

we can derive Einstein’s field equation by neglecting boundary term (surface term).
If including boundary term then, we must have dynamical variable on boundary or
hypersurface, 3 such as h,, which is an induced metric on the hypersurface. Bounding
the manifold, we obtain extrinsic curvature K which is constructed from h,, in the

action on the hypersurface. That is
SGH = / vV —th3JZ.
b

This is called Gibbon-Howking boundary term. The result of this variation is Israel

junction condition,

Kab - habK - —87TGtab

which is shown in detail calculations in this report. This result can be applied widely
to braneworld gravity.
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Appendix A

Proofs of identities

A.l chab =0

The identity V.gq. = 0 is proved by using covariant derivative to tensor type(0, 2):

Vedab = Oclab — L% gba — T'% gaa (A1)

Using equation (3.14), we have

1 1
vcgab - acgab - _gbdgde <acgae + aagce - aegac) - _gadgde (acgbe + abgce - aegbc>

2 2
= Ocfab — %52 <acgae + OaGee — 8egac> - %5? <8cgbe + ObGee — aech)
= OcGab — %<8cgab + Ougep — abgac> - %(acgba + OyGea — 8agbc>
= 0. (A.2)

A2 V.g"? =0

The identity V.g® = 0 is proved by using covariant derivative to tensor type(2, 0):

Vg™ = 0.9 +T%g" +T0,9* (A.3)
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Therefore

1 1
chab = 8cg“b + —gbdg“e (acgde + adgce - aegcd> + _gadgbe (acgde + adgce N aeng)

2 2
ab 1 ae bd 1 bd _ae 1 ae . bd
= 0.9 + 599 OcYde + 599 OdGee — 599 OcYed
1 1 1
+§gbegad0cgde + §g“d9b68dgce - 591’69‘“’36%1
1 1
= 0.9+ 59" {30 (gdegbd) — gdeacgbd:| + 59“ {&z (gcegae) — gceadg“}

1 1

—59" {36 (gcdg”d> - gcdc?eg”d} + 59“ {80 (gdeg”d> - gdeﬁcg“d]
1 1

+§g“d {&z <gceg”6) — gceﬁdg”e} — 59’” {06 (gcdg“d> - gcd(?eg“d}

1 1
- acgab + §gae (8052 - gdeacgbd> + _gbd (adég - gcegdgae>

2
1 1
_§gae (ae(ss o gcdaegbd> T §gbe (ac(sg o gdeacgad)
1 1
59" (008 = 9ecag™) = 59" (9232 = guadeg™)

0% are constant then their partial derivatives vanish. Therefore we get

1 1 1 1
Veg™ = 0™ = 59" 9209 — 59" 9ce0ag" + 59" 9ealeg™ — 59" 9acOeg™

2 2 2 2
1 1
_§gadgw@dgbe + §gbegcdaegad
= 0 ab_léaa bd_l bd 8.,0% 1 ae 9 bd_léba ad
- c9 d09cd 9 Geelag ™ + 59 YedOed d9cd
2 2 2 2
1 1
_Egadgceadgbe + §gbegcdaegad
1 1 1 1
— acab__cba__bd668 ae _aecaebd__cab
97 = 5097 = 597 9ee0dg " T 597 Gea0e§ T — 509
1 1
—Egadgceadgbe + §gbegcdaegad'

Interchanging dummy indices d and e, we get

1 1 1 1
Veg™ = =50 00409 + 59 9ec0ag" = 59" 9ec0ug™ + 59" geadeg™

) (A4)
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A.3 Covariant derivative for scalar field, V¢

We will show that covariant derivative for scalar field is just ordinary derivative.

Considering

Vap = Vo(XpX")
= X,V X'+ X'V, X,
= 2X,0, X" +2X, I X°
= 20,(X,X") — 2X"0, X, + Xy X¢"* (0agac + Ocfaa — Oafac)
= 20,0 — 2X0, X + X X0ug4c + X X0egad — X X Dyfac.

Interchanging dummy indices ¢ and d yields that the last and the forth term cancel
out. Therefore we get

Voo = 20,0 —2X°0,Xp + X X0,04c
= 20,0 — 2X"0, Xy + X 00 (94:X?) — X Gac0. X"
= 20,6 —2X%0, X, + X0, X, — X40,X¢
= 20,0 — X0, X — Xq0, X
= 20,0 — 0,(XpX")
= 0,0 (A.5)

A4 R%yg = —R"c

Proving the identity R®p.q = —R*pqc is as follows
R%eqa = 0:lpy — 041, + Tigle. — T3.1%,
= _( - acrgd + adrgc - dergc + PZCFZd)
= —(0alh. — 0:Lhy + Iy L2y — T3 L2,)
R%ea = —R%pac (A.6)
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Ab5 R'bwi+R'gpe+ Rar =0

Proving the identity R® p.q + R* goe + R cqp = 0 is as follows

1. Rvwq = 005, — 04 + 1,0, — T IS,
2. R* e = Opl'g, — 0L, + 15.g, — Tgp e,
3. R gy = 04l'gy — O Ll'ey + 150y — Iiyl'ey

R bea + R ape + R car = 0Ly — 0aly, + Tgle, — Icl'cy + 067G,
=0 + Tg.ley — Ugplee + 0al'y
=0ty + Tl eq — Teal'y
_ 0 (A7)

A.6 Bianchi identities

Considering covariant derivative of Riemann tensor evaluated in locally inertial coor-
dinate:

Valtizge = Oaligie (A.8)
Hats on their indices represent locally inertial coordinate. Notice that for locally
inertial coordinate, Cristoffel symbols which contain first-order derivatives of metrics

must vanish at any points. But the second derivatives of metrics in Riemann tensor

do not vanish. Therefore
Ricge = gaéR& ede
= Yab <8drgé - aérg;)
= 929" (0i0:9.7 + 01069:5 — 00 9ce — 00955 — 0eDeg s + 0e0194:)
1
Risie = 5(0i0e9s — 0039ee — DeDegiy + 0e0i9c)- (A.9)
We therefore obtain
Vialiege + VeRapge + Villyage

= 2 (0030005 — 00406 — ndedeg + Du:Big
+0:0i039ea — 060i0ag5e — 0:0:039 45 + 060029 4,
+0,00 000 — 0y0:0s0a: — 040608045 + 05060603,
= 0. (A.10)
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A.7 Conservation of Einstein tensor: V’G, =0
Considering Bianchi identities,

veRade + VdRabec + chabde =0
gaegbc (veRabcd + VdRabec + VcRabde) =0
VeRuq — V4R + VbRbd = 0.

Renaming indices b to a, we have

2V'Rug — V4R = 0
1
V“Rad - EVdR = 0

1
Va (Rad - igadR) - 0

We then see that twice-contracted Bianchi identities is equivalent to

VGlag = 0. (A.11)
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Appendix B

Detail calculation

B.1 Variance of electromagnetic wave equation un-

der Galilean transformation

Consider electromagnetic wave equation

0%¢ N 0%¢ N 0%¢ 18%
ox?  OJy? 0z 2 0t?

Transforming t — t/,

99 9o 9 99

Using ' =z — oty =y,2 = 2,/ =t, we get

8¢ 96 96

ot ot ox
P60 (06\ 0 [0
% = 7o) -vnls)
<8t’ Po 0 0%

oy *
ot o’¢ Oz y 0°¢
ot ot Ot /ot

Ot oy'ot

(2 Do oo oy &
ot ot'ox’ Ot 0z Ot oy'ot’
a2¢ a2¢ ) 82¢

= o Pamor TV aen

45

ovop 0z’ 0¢ Oy Op 07 0¢
ot otor ot 0’ Ot Oy Ot 02

(B.1)
0 o
ot 020t
0 o
ot 020t
(B.2)



Transforming = —

0 ot'op 0" 0 dy' 0 07 0
0 o 009 Oy 06 07 09

9x ~ Owxov Oz dr  Ozoy | 0w 0w
_ 99
o
¢ o
hallh B.
0x? 0x'? (B.3)
The y-axis and z-axis do not change, we have
¢ ¢
— = B.4
= = h (B
and
¢ ¢
2 = o (B:5)
Substituting all equations of transformation into equations (B.1),
o 00 0 10 2w Fo 5
ox'?2  Oy2 022 2ot?r 2 oot 2 0r?
we finally have equation (2.5):
2,2 92 2% 92 2 2 1 92
c v@¢+_vc9¢+8<b 8¢__8¢:O (B.6)

2 0x?  AEotox  oy? 022 2 ot?

B.2 Poisson’s equation for Newtonian gravitational

field

Considering a close surface S enclosing a mass M. The quantity g - ndS' is defined as
the gravitational flux passing through the surface element dS where n is the outward
unit vector normal to S. The total gravitational flux through S is then given by

e, -n

ds. (B.7)

/g-ndS:—GM
5

s 1
By definition (e, - n/r?dS) = cos 6 dS/r? is the element of solid angle d2 subtended
at M by the element surface dS. Therefore equation (B.7) becomes

/g-ndS - —GM/dQ: —4xGM.
s
= —47rG/p(r)dV
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From application of divergence theorem, the left side of this equation can be rewritten

/g~ndS:/V-ng. (B.8)
S v
Therefore we obtain
V-g=—4nGp.
Recall that
g=—-Vo. (B.9)

We therefore have result as in equation (3.57),

V20 = 47Gp.

B.3 Variation of Cristoffel symbols : 6.

From equation (3.14) we have
1
I = §gad(ab9dc + Ocgoa — Oagsc)

ol = %59ad (Odc + Degba — Dagse) + %gad(ab‘sgdc + 001 = DadGu).
Considering variation of g%,
gt = §;%6,76¢%
= 51 %acg™5g™
= 677" [5 (9aeg™) — g“dégde]

_ 5fdgef |:5(5ea) _gad(sgd€:|

= —9""9**6gue,
therefore
1 1
org. = _igedgadegde <5’bgdc + OcGva — adgbc) + §g“d (3b5gdc + 0.0qpq — 8d5gbc>.
adpe 1 ad
= —g"'T5.00.0+ 59" (O gac + D.dgha — Dudguc )
1
= §gad <ab(59dc + 0:0gba — Oadgye — 2F§c5ged>
1
= égad (abégdc - Fic(sged - ng(sgec + 8cfsgbd - Ficéged - cmageb
—030gbe + T30 Gec + Ficégeb>
1
oy, = égad (Vu0gae + Vedgoa — Vadgee). (B.10)
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